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Abstract. Let Q n stand for the volume of the unit ball in I™ for n € N. In the 

present paper, we prove that the sequence Qj/' nlnn ^ is logarithmically convex 
n i/(»i— ) 

and that the sequence i n (n+i)| * s strictly decreasing for n > 2. In 

addition, some monotonic and concave properties of several functions relating 
to Q n are extended and generalized. 
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1. Introduction 
In [4, Lemma 2.39], the following result was obtained: The function 

i,„r(i + f) (!) 

is strictly increasing from [2, oo) onto [0, oo) and 

(2) 

From this, the following conclusions were deduced in [4, Lemma 2.40]: The sequence 

fin" decreases strictly to as in oo, the scries J2™=2 ^r/'"" is convergent, and 

lim nV(nlnn) = g-1/2^ (3) 
n — >oc 

where 

°" = r(l + n/2) (4) 
stands for the n-dimensional volume of the unit ball B™ in R™. Further, it was 
conjectured in [4, Remark 2.41] that the function in (2) is strictly increasing from 
[2,oo) onto [0,|) and this would imply that the sequence Ql/( nlnn ' is strictly 
decreasing for n > 2. 

In [3, Theorem 1.5], it was proved that the function 

inr(x + i) 

xhix 

is strictly increasing from (1, oo) onto (1 — 7, 1), where 7 is the Euler-Maschcroni 
constant. From this, the above-mentioned conjecture in [4, Remark 2.41] were 
resolved in [3, Corollary 3.1]. In addition, it was conjectured in [3, Conjecture 3.3] 
that the function (5) is concave on (l,oo). 

In [8] and [11, Theorem 4], the function (5) was proved to be strictly increasing 
on (0, 00). 

In [9, Section 3], the function (5) was proved to be concave for x > 1. 
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In [5, Theorem 1.1], it was proved that 

"lnr(a; + l)l (?l) 



(-1) 



ra-l 



; In : 



>0 (6) 



for x > and n € N. More strongly, the reciprocal of the function (5) was proved 
in [5, Theorem 1.4] to be a Sticltjcs transform for x £ C \ (— oo, 0]. Furthermore, 
among other things, it was directly shown in [6, Theorem 1.1] that the function (5) 
for a; e C\ (-oo,0] is a Pick function. 

In [2, Lemma 4], it was demonstrated that the function 

F(x) = (7) 
x m(2a;) 

is strictly increasing on [1, oo) and strictly concave on [46, oo). With the help of 
this, the double inequality 

f _a_ \ »n /( "'" n) / b \ 

CXP U(lnn) 2 J ~ n i/[C"+i)M"+i)] < eXP U(ln«) 2 ) { ' 

was turned out in [2, Theorem 2] to be valid for n > 2 if and only if 

, , 2(ln2) 2 ln(47r/3) , , 1 + ln(27r) 

a<ln21ri7r--> '- i — '—i- = 0.3 ■ • • and b>— — l — '- = IA---. 9) 

31n3 2 w 

It is clear that the function in (2) is equivalent to (7). Therefore, the above 
conjecture posed in [4, Remark 2.41] was verified once again. 

The first aim of this paper is to extend the ranges of x such the the function 
F(x) is both strictly increasing and strictly concave respectively as follows. 

Theorem 1. On the interval (0,^), the function F[x) defined by (7) is strictly 
increasing; On the interval (i, oo), it is both strictly increasing and strictly concave. 

The second aim of this paper is, with the aid of Theorem 1, to generalize the 
decreasing monotonicity of the sequence Q^^ n ^ un ' for n > 2, the conjecture in [4, 
Remark 2.41] and the main result in [3, Corollary 3.1], to the logarithmic convexity. 

Theorem 2. The sequence Ql/^ ninn ' > is strictly logarithmically convex for n > 2. 
Consequently, the sequence 

/-vl/(n In n) 



is strictly decreasing for n > 2. 



l/[(n+l) ln(n+l)] 



(10) 



In [2, Lemma 3], the double inequality 

xlnx = G{x) < 1 (11) 



2 

3< 



lax 

1 



ln(x + 1) 



was verified to be true for x > 3. The right-hand side inequality in (11) was also 
utilized in the proof of the inequality (8) . 

The third aim of this paper is to simply extend and generalize the inequality (11) 
to a monotonicity result as follows. 

Theorem 3. The function G(x) defined in the inequality (11) is strictly increasing 
on (0, oo) with 

lim G(x) = -oo and lim G{x) = 1. (12) 
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2. Remarks 

Before proving our theorems, we are about to give some remarks on them and 
the volume of the unit ball in R" . 

Remark 1. It is obvious that Theorem 1 extends or generalizes the conjecture posed 
in [4, Remark 2.41] and the corresponding conclusions obtained in [3, Corollary 3.1] 
and [2, Lemma 4] respectively. 

Remark 2. For a > 1 and x > with x ^ -, let 

K( X ) = (13) 
xmyax) 

It is very natural to assert that the function F a (x) is strictly increasing on (0, -) 
and it is both strictly increasing and strictly concave on (i, oo) . More generally, it 
is conjectured that 

(-l)**- 1 [F o (a0]<»> >0 (14) 

for x > - and n £ N. 

a 

Remark 3. From Theorem 3, it is easy to see that the right-hand side inequality 
in (11) is sharp, but the left-hand side inequality can be sharpened by replacing 
the constant | = 0.666 ■ • • by a larger number ^ 21 °2^° 2 ^ 1 '' 3 = 0.683 .... 

Remark 4. It is conjectured that 

(-l)*~ 1 [G(a:)]W > (15) 

for k £ N on (0, oo). 

Remark 5. In [15] and its revised version [17], the reciprocal of the function [r(x + 
l)] 1 /^ was proved to be logarithmically completely monotonic on (— 1, oo). Conse- 
quently, the function 

l/x j— 



Q(x) 



T x/2 



r(i + x/2) 



[T(l + x/2)}^ 



(16) 



is also logarithmically completely monotonic on (—2, oo). In particular, the function 
Q(x) is both strictly decreasing and strictly logarithmically convex on (— 2,oo). 
Because Q(n) = On for n £ N, the sequence fiV™ is strictly decreasing and 
strictly logarithmically convex for n £ N. This generalizes one of the results in [4, 
Lemma 2.40] mentioned above. 

Furthermore, from the logarithmically complete monotonicity of Q{x), it is easy 
to obtain that the sequence 



n i/(«+i) 



(17) 

'n+l 

is also strictly decreasing and strictly logarithmically convex for n £ N. As a direct 
consequence of the decreasing monotonicity of the sequence (17), the following 
double inequality may be derived: 

n n J^ +1) < n n < ^y^ +1 \ n £ N. (18) 

When 1 < n < 4, the right-hand side inequality in (18) is better than the corre- 
sponding one in 



2 



<n n <ViJC?r +1J . «eN (19) 



'TT 



obtained in [1, Theorem 1] 
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Remark 6. In [13], the inequality 



[T(x + y+l)/T(y + l)}^ < / x + y (2Q) 



[T(x + y + 2)/T(y + l)]V0H-i) y x + y + 1 

was confirmed to be valid if and only if x + y > y + 1 > and to be reversed if and 
only H0<x + y<y + l. Taking y = and x = ^ in (20) leads to 



[r((n + 2)/2 + l)]V(«+2) n i/r. 



<V—m> n>2 - ( 21 ) 



Similarly, if letting y = 1 and x = > 1 in (20), then 

l/(n+l) < ^/(n+^^+a) I/ „ + 5 ' " - 2 - 

Remark 7. In [16], the following double inequality was discovered: For t > and 
y > — 1, the inequality 

x + y + 1 [TQc + y + iyrfa + l)] 1 /* / s + y + 1 \ 6 

^ ,..,.,11 7w7 , 1 mi TrWCTi ^ „ , , j. , 1 l /<3 J 



^ + y + i + iy [r(a; + j/ + t + i)/r(j/ + i)] 1 /(»+t) V^ + y + ^ + i 

holds with respect to x 6 (— j/ — l,oo) if a > maxjl, ^pj} and 6 < minjl, 2 (y+i) } 
Letting i = 1, y = and cc = § for fie Nin (23) reveals that 



2 [r(n/2 + l)?/ n 



n + 4 [T((n + 2) /2 + l)] 2 /(™+ 2 ) \ n + A 
which is equivalent to 

l/(n+2) 



2 



<-^- < v/^7' n£N ' (24) 



When n > 3, the inequality (21) is better than the right-hand side inequality in (24). 
If taking t = 1, y = 1 and x = j — 1, then 



2 ft 



n+2 



<^=5T< - a /rrn-^M 7rTT. " e N - ( 25 ) 



_2/[(n-2)n] V n + 4 n 1 ^"" 2 ) 7r 2 /[( n - 2 H V n + 4 
Amazingly, replacing t by |, y by and x by ^ in (23) results in 



a/(n+i) 



i in 

for n > — 1. When n > 2, this refines the inequality (19) in [1, Theorem 1]. 

Similarly, by setting different values of x, y and t in inequalities (20) and (23), 
more similar inequalities as above may be derived immediately. 

Remark 8. Now it is very clear that the inequality (19) obtained in [1, Theorem 1] 
was thoroughly strengthened by (18) and (26) together. 

Remark 9. The inequality (26) and other related ones derived above motivate us 
to ask the following question: What are the best positive constants a > 3, b < 3, 
A<l,At>l,ct!>2 and (3 < 4 such that the inequality 

,l/(n+l) 



A - "n+l „ a/i P 



1-— — < "V/ < f/l-^T (27) 
holds true for n £ N? We will discuss it in a subsequent article. 
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3. Lemmas 

In order to prove our theorems, we need the following lemmas. 
Lemma 1 ([10, 14, 18]). For x £ (0, oo) and k € N, we have 



and 



(fc-1)! 



In a; < ip(x) < lux — — 

x 2x 



fc! T <(-l) fc+ V (fe) W<^^ 



2x k + 



k\ 



Lemma 2 ([7, Theorem 2]). For x > 1, 



> 



have 
x + 1 



xj [Tix + l)} 1 /*' 

The inequality (30) is reversed for < x < 1. 

Lemma 3 ([12, 19]). If t > 0, then 

2t , ^ t(2 + t) 
< ln(l +t) < 



(28) 
(29) 

(30) 



(31) 



2 + t ' " 2(1 + 1) ' 

If —I < t < 0, the inequality (31) is reversed. 

4. Proofs of theorems 

Proof of Theorem 1. The inequality (6) means that the function (5) is positive and 
increasing on (0, oo). It is apparent that the function 

In a: 1 
ln(2x) ~ 1 + ln2/lnx 

is positive and strictly increasing on (0, 5) and (1, 00). Therefore, the function 

lnT(x+l) Inx 



Fix) 

w x In x ln(2x) 

is strictly increasing on (0, \) an d (1, 00). 

The inequality (30) for < x < 1 in Lemma 2 can be rewritten as 

lnr(a; + l) 



< (1 - x) ln(x + 1) + x Itlx. 

Direct calculation yields 

xhx{2x)il){x + 1) - [ln(2x) + l]lnr(2; + 1) L 



(32) 



(33) 



F\x) = 



q{x) 



and 



x 2 [ln(2x)} 2 



q (x) = x In (2a;) tp (x + 1) 



! [ln(2a;)] 2 



lnr(x + 1) 



Utilizing the left-hand side inequality in (29) for k = 1, the inequality (33) and 
Lemma 3 leads to 

1 1 



q (x) > x 



> x 



x + 1 2{x + l) 2 
1 1 



x + 1 2(x + l) 5 



ln(2x) — (1 — x) Itl{x + 1) — xlnx 
2(2x-l) x(l-x)(2 + x) 



1 + 2x 



2(1 + a?) 



xlnx 



2x 4 + 5x 6 + 8x 2 + 3x - 8 



hi x 



> X 



2(<B + l) 2 (2a; + l) 
2x 4 + 5x 3 + 8x 2 + 3x ~ 8 2(x - I) 



2(x + l) 2 (2a; + 1) 



1 + x 



F. QI AND B.-N. GUO 

x(2x 4 - 3a; 3 + Ax 2 + llx - 4) 

2(a; + l) 2 (2a; + l) 
x[2x 2 (x - l) 2 + x{x + l) 2 + lOx - 4] 



2(a; + l) 2 (2a; + l) 



> 



for ^ < x < 1. Hence, the function q(x) is strictly increasing on l). Since 



— In 7r - In 2 > 0, 

2 ; 

the function q(x), and so the function F'(x), is positive, and then the function F(x) 
is increasing on Q, l). In a word, the function F(a;) is strictly increasing on (0, |) 
and oo). 

Ready computation gives 



a; 3 [ln(2a;)] 3 F"(a;) 
2[ln(2a;)] 2 + 31n(2a;) + 2 



and 



lnr(x + l) 

a; 2 [ln(2a;)]V(a; + 1) - 2xln(2x)[ln(2a;) + l]ip(x + 1) 
2[ln(2x)] 2 + 31n(2x) + 2 

[\n{2x)] 2 4>{x) 



d f x 3 [\n(2x)} 3 F"(x) 

dx\ 2[ln(2a;)] 2 + 3 ln(2a?) + 2 J {2[ln(2a-)] 2 + 3 ln(2x) + 2\ 

for x > where, by making use of the right-hand side inequality in (28) and the 
inequality (29) for k = 1, 2, 

0(x) = [21n(2x) + 5]^(a:+ 1) 

+ a;{a;[2[ln(2a;)] 2 +31n(2a;) + 2]V>"(x + 1) - [41n(2a;) + 3]ip'(x + 1)} 

1 



< [21n(2a;) + 5] 



ln(x + 1) 



2(x + l) 

+ x|-x[2[ln(2x)] 2 +31n(2a;) + 2] 
- [41n(2a;)+3] 



{x + l) 2 {x+1) 3 



1 



x + 1 2{x + l) 2 
ln(x + 1) 



[21n(2x) + 5] - 

[ 2{x + l)_ 

x{4x(x + 2)[ln(2x)] 2 + 2(7a; 2 + 16s + 6) ln(2x) + I0x 2 + 23a; + 9} 



2(x+l) s 



and 



-x(x + l)VO) = 2x 4 + Wx 3 + 19x 2 + 6x + l + 2(x + 4)a; 2 [ln(2a;)] 2 

+ x(2x 3 + 10x 2 + 20x + 3) ln(2x) - 2(x + l) 4 ln(x + 1) 
= h(x), 

h'(x) = 8x 3 + 34.x 2 + 52a; + 7 + 2x{3x + 8)[ln(2x)] 2 

+ (8a; 3 + 34.x 2 + 56a- + 3) ln(2a-) - 8(x + l) 3 bi(x + 1), 
xh"{x) = 24x 3 + 86a; 2 + 100a; + 3 + 4x(3x + 4)[ln(2x)] 2 

+ 8x(3a; 2 + 10a- + ll) ln(2x) - 24x(x + l) 2 hi (a: + 1) 
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q'(x) = 4{l8x 2 + 57a; + 47 + (6x + 4)[ln(2a;)] 2 

+ 2(9x 2 + 23a; + 15) Ln(2x) - 6(3x 2 + Ax + l) In (a; + 1)}, 
xq"(x) = 4{36x 2 + 97a; + 30 + 6[ln(2a;)] 2 a; - 12(3x + 2) In (a; + l)x 
+ (36a; 2 + 58a; + 8) ln(2x)}, 
a; 2 (a; + l)q {3) {x) = 8{lSx 3 + 53a; 2 + 18a; - 11 - 18 (a; + l)a; 2 ln(a; + 1) 
+ 2 (9a; 3 + 12a; 2 + x - 2) Ln(2x)} 
= 8p(x), 

xp'(x) = 2[27x 3 + 65a; 2 + lOx - 2 - 9(3a; + 2)x 2 \n(x + 1) 
+ (27x 2 + 24a; + l)a;ln(2a;)] , 
(x + l)x 2 p"(x) = 2[54a; 4 + 152a; 3 + 90a; 2 + 3a; + 2 + 6(9.t 2 + 13a; 

+ 4)x 2 ln(2x) - 18(3x 2 + 4a; + l)a; 2 ln(x + 1)] , 
(x + l) 2 x 3 p {3 \x) = 2 [54a; 5 + 168a; 4 + 146a; 3 + 18a; 2 - 9x - 4 

+ 54(a; + l) 2 a; 3 Ln(2x) - 54(x + l) 2 a; 3 ln(x + 1)] , 
(x + l) 3 x 4 p {4) (x) = -4(3x 5 + 8a; 4 - 9x 2 - 19a; - 6) 
= -4A(x), 
A' (a;) = 15a; 4 + 32a; 3 - 18a; - 19, 
X"(x) = 60a; 3 + 96a; 2 - 18. 

Since A"(x) is strictly increasing for x > \ and A"( tj) = %L, the function A" (a;) > 0, 
so X'(x) is strictly increasing for x > |. From A'( i) = — ^ and lim^^oo A' (a;) = 
oo, it follows that the function X'(x) has a unique zero which is a minimum of 
X(x) for x > \. Since A(|) = — ^ and linix-^ X(x) — oo, the functions A (a;) 
and p^ (x) has a unique zero which is a maximum of p( 3 )(a;). Due to p^ (±) = 
188 - 1081n(|) = 144.20- •• and lim^oo p( 3 > (x) = 108(1 + In 2), the function 
p( 3 '(x) is positive, thus the function p"(x) is strictly increasing for x > |. Owing 
to = 258 - 901n(|) = 221.50 . . . , the function p"{x) is positive and p'{x) is 

strictly increasing for x > \ . By virtue of p'{\) = \ [181 — 63 hi(|)l = 77.72 . . . , 
it is easy to see that p'(x) > and p(x) is strictly increasing for x > |. Owing 
to p{\) = [2 - ln(|)] = 10.76 . . . , it is deduced that p(x) > and q( 3 >(a;) > 
for x > i, consequently the function q"(x) is strictly increasing for a; > i. On 
account of q"{\) = 700 - 1681n(|) = 631.88 . . . , we obtain that q"{x) > and 
q'(x) is strictly increasing for x > \. In virtue of q'(^) = 320 — 901n(|), we have 
q'(x) > 0, and then the function q(x) is strictly increasing for x > i. Because of 
q(\) = ^ - 271n(|) = 66.55..., we acquire that q(x) > and /i"(x) > 0, so 
h'(x) is strictly increasing for x > \. By h'{\) = ^ - 271n(|) = 33.55..., it 
is derived that /i'(a;) > and h(x) is strictly increasing for x > \. Since ^(^) = 
^ [l — ln(|)] = 6.01 . . . , we gain that h(x) > and (f'(x) < 0, accordingly <p(x) 
is strictly decreasing for x > \. Due to <p{\) = ~~ f? + 5hi(§) = —1.34. . . , it is 
procured that < 0, i.e., <j){x) < 0, hence ^{ 

2[ln(22;)P+3 ln(2a: ^2} < aild th ° 

function 2 [ in(2^+3in(2 ( a)+2 is strictly decreasing for x > \. By 
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it follows that 2 [ 1^(2^+3 \n(2x)+2 < ^' which i s equivalent to F"(x) < for x > \. 
As a result, the function F(x) is concave on (|,oo). The proof of Theorem 1 is 
complete. □ 

Proof of Theorem 2. Let 



T x/2 



T(l + x/2) 

for x > 0. Taking the logarithm of f(x) gives 

In 7r lnr(l + a;/2) 



In x) 



(34) 



ln/(x) = 



2 In a; 



x In x 



ln7r 
2 In a; 



-2F - 



where F(x) is defined by (7) for x > and x ^ \. Differentiating twice gives 

[ln/(aQ]» =( lnX + 2 ^- l -F"( X - 
L JK n 2x 2 (lnx) 3 2 \2 

Since F(x) is strictly concave for x > |, then the function [In /(a;)]" is positive for 
x > 1. As a result, the function fix) is strictly logarithmically convex for x > 1, 
and so the sequence f(n) = fll/^ 1 ^ 7 ^ for n > 2 is strictly logarithmically convex. 

Since the function f{x) is strictly logarithmically convex for x > 1, then [In /(x)]' 
is strictly increasing for a; > 1, therefore 



In 



f(x + l) 



= [lnf(x) - lnf(x + 1)]' = [In /Or)]' - [ln/(x + 1)]' < 



for x > 1. This implies that the function jjMrp) 1S strictly decreasing for x > 1, 

hence the sequence ffn+i) * s a ^ so strictly decreasing for n > 2. The proof of 
Theorem 2 is thus completed. □ 

Proof of Theorem 3. It is easy to see that the function G(x) in (11) may be rear- 
ranged as 



G(x) 



lnx 



In 1 



(35) 



ln(x + 1) 

It is common knowledge that the function (l + ^) x is strictly increasing and greater 
than 1 on (0,oo) and tends to e as x — > 00. Furthermore, for x > 0, 



lnx 



ln(x + 1) 

In x 



(x + 1 ) ln(x + 1 ) — x In x 
x(x + l)[ln(x + l)] 2 



> 0. 



Thus, the function ^^j^ is strictly increasing on (0, 00) and positive on (l,oo) 
and, by L'Hospital's rule, tends to 1 as x — > 00. Therefore, the second limit in (12) 
is valid and the function G(x) is strictly increasing on (1, 00). 

The first limit in (12) can be calculated by L'Hospital's rule as follows: 



lim G(x) = lim 

x—>0+ x—>0+ 



1 - lnx/ln(x + 1) 
T/x 



lim lnx 



x[(x + 1) ln(x + 1) — x In x] 
lim ; — lim inx 

x ^q+ (x + l)[ln(x + l)] 2 x-»0+ 



= lim 



x^o+ [ln(x + 1) 
x 



1 - 



: lnx 



= lim 

x^0+ 



1 - 



x + l)ln(x + 1 
lnx 



lim lnx 

x-*0+ 



ln(x + 1) x + 1 



lim lnx 

^0+ 
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The function G(x) can also be rearranged as 
xhix 



G(x) 



[\n(x + l)-\nx]^ f^Mx) 



(36) 



ln(x + 1) 

for x £ (0, oo). It is not difficult to see that the function $2{x) is positive and 
decreasing on (0, oo). Straightforward differentiation produces 

ln(x + 1) + [ln(x + 1) - x/(x + 1)] In a; A g(x) 



fl(x) 



and A(l) 



[ln(x + l)] 2 [ln(a; + f)] 2 

0. By virtue of the double inequality (31), it follows that 



9(x) > 



and 



2x 
2 + x + 

2x 
2 + x + 

x 2 
2(1 + a?) 

x 2 
2{l + x) 



h'{x) 



x(2 



2(1 + x) 

™2 



In: 



In . 



2(1 + a?) 
" 4(1 + x) 
_x(2 + x) 

h(x) 

x 3 - Ax - 8 



In x 



< 



x 2 (x + 2) 2 

for x £ (0, 1). As a result, the function h{x) is decreasing on (0, 1) with h(l) = |, 
so h(x) > on (0, 1). This means that the functions g(x) and f[(x) are positive on 
(0, 1). Hence, the function fi(x) is increasing and negative on (0, 1). In conclusion, 
the function G(x) = f\{x)f2(x) is increasing and negative on (0, 1). The proof of 
Theorem 3 is complete. □ 
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